Abstract-This brief addresses the problem of designing a robust tracking controller for a nonlinear Chua's circuit involving plant uncertainties and external disturbances. Given a bounded desired trajectory, a robust tracking controller, which is based on modeling-error compensation is developed such that all the states and signals of the closed-loop system are bounded and the tracking error can be made as small as desired. In contrast to the previous proposed controllers for tracking control of Chua's circuit, the controller developed here is linear and equivalent to a traditional PI compensator.
I. INTRODUCTION
In the last decade, Chua's circuits have became a standard prototype to study the dynamics and control of nonlinear circuits. The reason is that Chua's circuit is a simple system that exhibits a wide variety of nonlinear dynamics phenomena such as bifurcations, chaos, and uncertain functions and parameters. The Chua's circuit (chaotic) dynamics and bifurcations have been widely studied and numerous results can be found in the literature (see [1] ). Regarding the operation of Chua's circuits, a significant research attention has been paid on studying the control problem. Fuzzy [2] , [3] , time-series-based [4] linear matrix inequalities [5] and digital-redesign [6] methodologies are a few examples of control-design approaches used for controlling Chua's circuits. Numerical simulations and experimental experiences based on digital control implementation have demonstrated the performance of the reported controllers. A major drawback of these control-design approaches is that they lead to controllers with a complex structure. For instance, the implementation of adaptive fuzzy control approaches [2] , [3] requires that the circuitry realization of a nonlinear controller which, in most cases, is more complex than Chua's circuit. In practice, controllers are commonly implemented with inexpensive simple RCL circuits, which induce integration, derivations, scaling, and addition operations [7] . In this way, it is highly desirable to dispose of simple linear control-design methodologies with guaranteed stability for the Chua's circuits. In principle, such control methodologies could be extended for a wide variety of industrial systems sharing dynamical and structural characteristics with Chua's circuit [1] . Toward this endeavor, some steps have been taken. In [8] , a linear controller to stabilize the Chua's circuit about an equilibrium point is proposed. Given a reference position, say x ref , the controller is able to provide convergence to an equilibrium point x eq , which is as close as desired to x ref .
Although the effects of uncertain circuit parameters were not studied, the control-design procedure provide important insights on the con- Chua's circuit is a simple electronic system that consists of one inductor L, two capacitors C1 , C2 , a linear resistor R, and a nonlinear resistor g. The undriven dynamic equations of Chua's circuit is described by [10] where v 1 and v 2 , are, respectively, the voltages across the capacitors C 1 , and C 2 , i L is the current through the inductor L, and g(v 1 ) is the current through the nonlinear resistor. It is well known that, for a certain set of circuit parameters, Chua's circuit exhibits periodic and even chaotic behavior [10] .
In practical situations, it is commonly desired to induce a prescribed circuit behavior, including fixed-point operation and periodic oscillations. Since the circuit can be unstable around the desired behavior, a feedback controller can be used to stabilize its dynamic behavior. To this end, a control action u represented by an added current at a given circuit node is introduced. The location of the control action u strongly determines the structure of the underlying controller. In this way, as a preliminary step to describe the control problem, certain structural properties of Chua's circuit (1) will be described below. If The following result will be useful to establish the location of the control action u in the Chua's circuit. 1 (t) is uniformly bounded, the system trajectory q(t) is also uniformly bounded, for all initial condition q(0). Item b) follows from item a) and the linearity of the q-subsystem.
Essentially, the above result states that if one is able to induce a stationary and uniformly bounded trajectory v 3 1 (t), then, the corresponding q trajectory will converge uniformly (with respect to initial conditions) to a unique stationary and uniformly bounded trajectory q 3 (t). From the control viewpoint, this implies that a feedback control strategy should focus only on the control of the v 1 subsystem. This is done by introducing a control action u in the v1-subsystem as follows:
In terms of Chua's circuit topology, this is equivalent to add a current u in the nonlinear resistor which is in-phase with the nonlinear-induced current through the resistor g. The control model (4) serves as the starting point for the controller design.
The control problem will be considered under the following assumptions.
• Assumption 1. The system states v1(t) and q(t) = [v 2 (t); i L (t)] T are available for measurements.
• Assumption 2. The system parameters 5 = fR; C 1 ; C 2 ; Lg are uncertain. However, an estimate 5 of 5 is available for control design.
• Assumption 3. The nonlinear resistance g(v 1 ) is a continuously differentiable function. It should be stressed that Assumption 3 is taken only for stabilityanalysis purposes. As will be shown by means of numerical simulations, the stability of the controlled Chua's circuit holds even in the case where g(v1) is taken as the standard nondifferentiable function including the absolute value function [12] .
Departing from the control model (4) and the result described in Lemma 1, the control problem can be formulated as follows. Given a desired reference signal v 3 1 (t) which is assumed to be bounded and continuously differentiable, the control objective is to design a robust (against model uncertainties and external disturbances) tracking controller with the following characteristics.
a) The feedback controller must be a linear function, so that it can be implemented with standard circuitry. b) The resulting closed-loop system guarantees that all the states and signals are bounded and the tracking error should be as small as possible.
It should be emphasized that the desired trajectory (v 3 1 (t); q 3 (t))
can be e.g., an equilibrium point or a periodic orbit embedded into a chaotic attractor [10] . 
where m(t) is an estimate of the modeling-error signal 
Summarizing, the candidate feedback controller is given by the approximate inverse-dynamics feedback (9) and the modeling-error signal estimator (10), (11) . As required, this feedback controller is a linear function of the measured signals v1(t) and q(t). In fact, (9) and (10) This shows that the proposed tracking controller has a simple structure. The stability of the closed-loop system [item b)] will be addressed in the following part of the brief.
A. Stability Analysis
Let em(t) = m(t) 0 m(t) be the estimation error. Then the control input can be written as 
Let e q (t) = q(t)0q 3 (t) be the q-tracking error, and e tr = [e 1 ; e q ] T be the tracking error vector. By recalling that _ q 3 (t) = Aqq 3 (t) + d2v 3
(t)
(Lemma 1), and after some straightforward but tedious algebraic manipulations, the controlled Chua's circuits can be written in (etr; em) 
System (14) is written in the so-called robust observer form [13] , [14] . This system has the following characteristics. T with arbitrary accuracy given by the size of the compact set K ul (practical stability). In this way, K ra can bee seen as an estimate of the region of attraction of the controlled Chua's circuit and K ul can be seen as the ultimate (finite-time) attractor of the trajectories starting into the set K ra . From a practical viewpoint, the fact that K ul is a set of arbitrary size implies that the tracking error can be made as smaller as desired by taking sufficiently large values of the estimation frequency ! e . In this sense, the proposed controller is able to impose the desired circuit dynamics by removing the underlying chaotic dynamics of Chua's circuit. It should be emphasized that the stability analysis can be extended with slight modifications to include time-varying disturbances in the circuit parameters. This will be illustrated via numerical simulations in a subsequent section of the brief. Although the control structure given by (9)- (11) is similar to the synchronization control developed for communications systems [15] , the main difference relies on the fact that, while for communication systems the signal to be tracked is generated by a replication of Chua's circuit, in the control problem addressed in this brief the tracked signal is generated by any source. As a consequence, an autonomous tracking error system has to be analyzed in the former case and a nonautonomous tracking error system has to be studied in the latter case. In this way, the control problem addressed in this brief is of more general nature than the one addressed in communication systems. Specifically, the stability results described above are more general and contain the stability results for communication systems described in [15] .
IV. EXTENSION TO A GENERAL CLASS OF THIRD-ORDER CIRCUITS
In preceding sections, we have restricted ourselves to Chua's circuit as a benchmark to study chaos control [2] , [3] , [5] , [6] . However, Chua's circuit is a particular case of relative degree [11] one system belonging to a larger class of autonomous third-order systems [16] , [17] . Under slight modifications, the results in this brief can be extended to this class of circuits. Some remarks on the extension of the control-design methodology for more general circuits are discussed below. a) Relative degree one circuits. Similarly to the Chua's circuit, relative degree one circuits can be described as 
where x 1 2 and q 2 2 are the components of the state vector.
If: a) y 3 (t) is a desired trajectory for the state x1; b) the nonlinearity f(x 1 ; q) is not exactly known or is not used for control design; and c) g(x 1 ; q) is bounded away from zero, and g(x 1 ; q) is an estimate of g(x1; q), the control-design methodology described for Chua's circuit can be extended along the same lines for system (17) . b) Higher relative degree. Relative degree two and relative degree three systems are considered here. First, consider the relative degree two case, which can be described as follows: 1 ; q). Given the system description (19), the control task is to achieve z(t) ! 0. The control-design methodology described for Chua's circuit can be extended to the system (19) in the following form. Assume that: a) the state vector (x; q) T is available from measurements; b) g(x; q) is bounded away from zero; c) circuit functions f(x; q) and g(x; q) are not exactly known, but an estimate g(x; q) is available for control design; and d) A q < 0 (i.e., the internal dynamics are L2-stable). The feedback controller contains an integral action. In fact, one can combine the first and the second equations in (23) to obtain _ w = 0k1z1 0 k2z2, which is equivalent to w(t) = w(0) 0
In this way, the modeling-error estimation scheme introduces an integral action acting on the tracking error signal k 1 z 1 (t) + k 2 z 2 (t). The extension of the present methodology to the relative degree three case is straightforward. Such systems can be described as follows:
Notice the absence of internal dynamics (i.e., the state q is not present). Equation (24) In this sense, the feedback controller (23) can be seen as a generalization of the PI controller developed for the Chua's circuit. Finally, although the stability analysis of the general case involves more complex algebraic manipulations and more subtle analysis tools, the results are essentially the same as in the Chua's circuit (see Proposition 1) namely, the proposed control scheme is able to track the prescribed trajectory y 3 (t) as close as desired by adjusting the estimation frequency ! e > 0. By doing so, one is merely adjusting the rate at which the modeling-error signal is estimated from available circuit measurements.
V. SIMULATION EXAMPLE
For convenience of simulation, the nominal parameters used for control design are given as C 1 = 1:0, C 2 = 0:5, R = 5:0 and L = 1:0. As in [3] , the actual circuit parameters are given by C 1 (t) = C1 +0:1+0:1cos(t=2), C2(t) = C2 +0:1, R = R +sin(t=2) and v1) is rather a technical requirement of the analysis technique than a necessary stability condition. To illustrate this fact, numerical simulations are carried out by using the standard nondifferentiable func- The modeling-error compensation approach described before is employed to treat this trajectory planning problems. The simulation results are shown in Fig. 1 for case a) and in Fig. 2 for case b) ; in both cases the control action starts at t = 50. As expected from the stability analysis, the size of the tracking error e tr is reduced as the estimation frequency ! e is increased. These simulation results indicate that the tracking performance is acceptable and consequently the effects due to parametric uncertainties in Chua's control circuits can be efficiently diminished by the proposed linear control algorithm.
VI. CONCLUSION
A tracking control design incorporating modeling-error compensation ideas has been proposed for Chua's circuits. Compared with the previous investigations which also address the problem of controlling Chua's circuits, the controller proposed in this brief has a simple linear structure, so that it can be implemented with standard circuitry. A stability analysis is provided to guarantee the stability of the controller, and a simulation example is included to illustrate the performance of the tracking error.
